In this article, we study the uniqueness problems of q-shift difference polynomials of meromorphic functions f and g sharing a small function a(z). The results in this paper extend the results of F
Introduction and main results
Let C denote the complex plane and f be a non-constant meromorphic function in C. We shall use the standard notations in the Nevanlinna's value distribution theory of meromorphic functions such as T (r, f ), N(r, f ), N (r, f ) and m(r, f ), as explained in Yang and Yi [14] , L.Yang [13] and Hayman [7] . The notation S(r, f ) is defined to be any quantity satisfying S(r, f ) = o(T (r, f )), as r → ∞ possibly outside a set r of finite linear measure. A meromorphic function a(z) is called a small function with respect to f (z), provided that T (r, a(z)) = S(r, f ). The following definitions are useful in proving our main results. In 2014, X.M.Li, H.X.Yi and W.L.Li [8] proved the following theorem on uniqueness of difference polynomials of meromorphic functions sharing a small function. Theorem 1. Let f and g be two transcedental meromorphic functions of finite order, let α ≡ 0 be an entire function such that ρ(α) < ρ( f ), let η be a non-zero complex number and let n and m be two positive integers such that n ≥ m + 12 and
where t is a constant satisfying t m = 1.
Further, K.Y.Zhang and H.X.Yi [16] extended the result of X.M.Li, H.X.Yi and W.L.Li [8] and proved the theorem on uniqueness of product of differential-difference polynomials of entire functions as in the following theorem. 
Recently, F.H.Liu and H.X.Yi [10] improved the previous results by considering uniqueness problems on product of difference polynomials of meromorphic functions.
Theorem 3. Let f (z) and g(z) be non-constant meromorphic functions satisfying
, where t is a constant satisfying t m = 1. In this article, we investigate on uniqueness of difference polynomials of meromorphic functions sharing a small function a(z) with counting multiplicity. 
share a(z) CM, f and g share ∞ IM, then
Also, the result in the Theorem 1. holds for entire functions for n ≥ λ + m + 4.
Corollary 1. Let f and g be two non-constant entire functions of zero order. Let n
2 Some lemmas Lemma 1. [14] Let f (z) be a non-constant meromorphic function, and a n ( = 0), a n−1 , . . . , a 0 be small functions with respect to f . Then T (r, a n f n + a n−1 f n−1 + . . .
where T (r) = max 1≤i≤3 {T (r, f i )} and r ∈ E. 
Lemma 4. [11] Let f (z) be a non-constant meromorphic function of zero order, and let c and q be two non-zero complex numbers. Then
on a set of logarithmic density 1.
Lemma 5. [9] Let f be a meromorphic function with zero order and c and q be two non-zero complex numbers. Then
outside of a possible exceptional set E with finite logarithmic measure.
Lemma 6. Let f be a transcendental meromorphic function of zero order and F(z)
Proof. From Lemma 1 and Lemma 4, we have
On the other hand, from Lemma 1 and Lemma 5, we have
Lemma 7. Let f (z) and g(z) be non-constant meromorphic functions of zero order. Let f n
By the Lemma 1, (4) and hypothesis, we have
By first fundamental theorem, we have
From (5) and (6), we have
Hence we get Lemma 7.
The following lemma is required to prove our main result. 
Let h = f g , then substituting f = gh in (8), we get
If h is not a constant, then h is a non-constant meromorphic function. From (9), we have
Next, we show that 1 is not the Picard exceptional value of
s j , for that we suppose 1 is the Picard exceptional value of H 1 . By the second fundamental theorem, we have
On the other hand from first fundamental theorem and (11), we have
This is contradiction to the fact that n ≥ 3λ + 2d + 8 > λ + 2d + 1. Therefore 1 is not the Picard exceptional value of H 1 .
Hence there exist z 0 such that
For further proof we consider the following two cases.
Case 1. If H 1 ≡ 1, then either h(z) is a rational function or h(z) is a transcendental meromorphic function. If h(z)
is a rational function. From (10), we obtain that g(z) is also a rational function. This is contradiction to the condition g(z) is a non-constant transcendental meromorphic function. Hence h(z) is a transcendental meromorphic function. Since f (z) and g(z) are trancendental meromorphic function of zero order, h(z) is also trancendental meromorphic function of zero order. Let
s j and z 0 ∈ C is the 1-point of H 1 , but not the 1-point of H 2 . From (10), we can get that z 0 is the zero of H 1 − 1 with multiplicity atleast 1. Now assume that z 1 ∈ C is the common zero of H 1 − 1 and H 2 − 1. Then from (10), we have
where N r,
denote the counting function of zeros of H 1 (z) − 1 in | z |< r, such that each point in this is not a zero of H 2 (z) − 1 and each such point is counted with ignore its multiplicity. Since h is a meromorphic function with zero order implies H 1 is also a meromorphic function with zero order. Thus, we have
By second fundamental theorem and (14), we have
From (15) and (16), we have
Which is contradiction to n ≥ 3λ + 2d + 8 > λ + 3d + 3.
Which is contradiction to n ≥ 3λ + 2d + 8 > λ − 1. Hence h is a constant, then from (10), we have h d = 1 where
Hence proved the Lemma (8) . By the hypothesis we have F(z) and G(z) share a(z) CM and f , g 
then, H is a meromorphic function and H ≡ 0. Therefore, we have
From (17), it is clear that the zeros and poles of H are multiple and also the following inequalities satisfies obviously.
Let
such that
Thus, we also have S(r, f ) + S(r, g) = o(T (r)). Now we discuss the three possible cases separately.
Case 3. If possible, suppose that neither F 2 nor F 3 is a constant.
If F 1 , F 2 , and F 3 are linearly independent, then by Lemma (2) and (20), we have
Since H = 0, ∀ z ∈ C, we have N 2 (r,
From Lemma (6), we have
In the same manner as for F 1 , F 2 , F 3 , we get
From (19),(22) and (23), we have
Which is contradiction to n > 3λ + m + 2d + 7. Thus our assumption F 1 , F 2 and F 3 are linearly independent is wrong. Hence Since n > 3λ + m + 2d + 7, we get a contradiction. Thus c 1 = 0 and by (24), we have Which is contradiction to n > 3λ + m + 2d + 7. Hence our assumption neither F 2 nor F 3 is a constant is wrong. Hence one of the F 2 or F 3 is a constant.
From (34), we have and
